We demonstrate that the Bailey pair formulation of Rogers-Ramanujan identities unifies the calculations of the characters of N = 1 and N = 2 supersymmetric conformal field theories with the counterpart theory with no supersymmetry. We illustrate this construction for the M (3, 4) (Ising) model where the Bailey pairs have been given by Slater.
Introduction
In the past several years it has been observed [1] - [3] that string theories of two dimensional quantum gravity have a strong connection with N = 2 superconformal models.
This observation was first made in [1] and is forcefully presented in [3] where it is stated "The underlying N = 2 superconformal symmetry is quite generic and is present in every string theory."
It has also been realized since the work of Andrews, Baxter, and Forrester [4] and Date, Jimbo, Miwa and Okado [5] that there is a thoroughgoing relationship between RogersRamanujan identities and conformal field theory characters. Consequently the relation seen between N = 2 superconformal field theories and string theory should be expected to be present in the theory of Rogers-Ramanujan identities. It is the purpose of this paper to demonstrate that this is correct and that the characters of N = 2 superconformal models may be obtained from the nonsupersymmetric models M (p, p ′ ) by means of the construction known as the Bailey pair. Indeed it is our contention that this relation between string theory and Bailey pairs is much more than an analogue and that the Bailey construction provides an exact reformulation of the string theory in terms of a completely fermionic description of the Fock spaces.
The method of the Bailey pair was invented by Bailey [6] in his proofs of many of the results of Rogers [7] - [8] . This method was extensively used by Slater [9] - [10] , has been extended by Andrews [11] , was extended to the Bailey lattice by Agarwal, Andrews and Bressoud [12] , and generalized to higher rank groups by Milne and Lilly [13] . Most recently this technique has been combined by Foda and Quano [14] with the finite size results on M (p, p + 1) of [15] - [16] and M (2, 2k + 1) of [17] to provide proofs of various fermionic characters formulas conjectured in [18] .
By definition a pair of sequences (α n , β n ) is said to form a Bailey pair (for the group A 1 relative to the parameter a) if
α j (q) n−j (aq) n+j ( 1.1) where we use the definition (a; q) n = n−1 l=0
(1 − aq l ) (1.2) which, when there is no danger of confusion, we abbreviate as (a) n . The inverse of this relation is
(a) n+j (−1) n−j q 1 2 (n−j)(n−j−1) (q) n−j β j .
( 1.3)
The lemma of Bailey states that whenever (α n , β n ) is a Bailey pair related by (1.1) then
(ρ 1 ) n (ρ 2 ) n (aq/ρ 1 ρ 2 ) n α n (aq/ρ 1 ) n (aq/ρ 2 ) n 1 (q) N−n (aq) N+n .
(1.4)
The proofs of these results are given in [6] and [11] .
The lemma of Bailey is a result for rational functions. By taking the limit N → ∞ we obtain from (1.4) the theorem that if (α n , β n ) is a Bailey pair then
(ρ 1 ) n (ρ 2 ) n (aq/ρ 1 ρ 2 ) n α n (aq/ρ 1 ) n (aq/ρ 2 ) n .
(1.5)
This result has been extensively used by Slater [9] - [10] to prove many of the identities first derived by Rogers [7] - [8] by making the following two specializations of the parameters ρ 1 , ρ 2 ;
1 : ρ 1 → ∞, ρ 2 → ∞ (1.6) 2 : ρ 1 → ∞, ρ 2 = finite, (1.7) and from her extensive list of results [10] one finds the remarkable result that the first specialization (1.6) leads to characters of minimal models M (p, p ′ ) and the second specialization (1.7) leads to characters of N = 1 supersymmetric models SM (p, p ′ ).
There is, however, a third case not considered by Slater 3 : ρ 1 = finite, ρ 2 = finite. (1.8) We show here that this leads to characters of the N = 2 supersymmetric models.
It cannot, of course, be an accident that Bailey's construction, invented decades before conformal field theory was even thought about, gives characters of the N = 0, 1 and 2 supersymmetric conformal field theories in a unified manner. In fact there is a complete connection between the Bailey construction, the theory of affine Lie algebras and even two dimensional quantum gravity and this paper is meant to be the first of several in which we present these topics in detail. However, there are several technical complications which must be presented in some detail in order to deal with nonunitary models which tend to obscure the emergence of the N = 2 supersymmetry. Consequently in this first paper we will introduce the subject by restricting our attention to the unitary models M (p, p + 1)
and their N = 1 and N = 2 supersymmetric extensions.
We begin in sec. 2 by reviewing the construction of Slater [9] - [10] of the characters of M (3, 4) and SM (3, 5) and then demonstrate how the characters of the N = 2 unitary model with c = 1 are obtained by using the specialization (1.8). In sec. 3 we present a second construction of Slater [9] which gives M (3, 4) under the specialization (1.6) but
gives a special case of the N = 2 model under (1.7). We finally consider the general unitary model M (p, p + 1) in sec. 4 where we first obtain the Bailey pairs from the finite size polynomial computations of [4] , [15] , [16] , [19] - [21] by use of the method of [14] . We obtain all the characters of M (p, p + 1) from this construction and thus extend the results of [14] and [20] . The relation of this construction, which we call Bailey renormalization flow, to the renormalization flows of [22] (and [23] ) is first proposed in [24] . We then obtain from the Bailey pairs the N = 1 models SM (p, p + 2) and the unitary N = 2 models with central charge c = 3(1 − 2/p). We conclude in sec. 5 with a few remarks on the more general case which will be presented more fully elsewhere [25] .
2. The Ising model M (3, 4) and its N = 1 and N = 2 extensions.
The Ising model is the minimal model M (3, 4). It has three independent characters which are obtained from the general bosonic formula for the characters of the
Here p and p ′ are relatively prime, the central charge is
and the conformal dimensions are
These characters also have a fermionic representation as q series due to the following identities proven in 1894 by Rogers [7] ∞ m=0,even
Slater [9] obtains the four identities (2.4) (2.5) from the following four Bailey pairs (which following the notation of Rogers she calls A(5)-A(8)) where α 0 = 1 in all cases and
q When we put these four pairs into (1.5) we find from A(5) and A(8) that for a = 1, q (after a bit of algebra)
where we define
Similarly we find from A(6) and A(7) that with a = 1, q
These two identities hold for all values of ρ 1 and ρ 2 . By making suitable specializations of these parameters these formulas specialize to the characters of several different conformal field theory models. There are three distinct cases and we will treat them separately.
The model M (3, 4)
Slater [10] obtains the Ising model identities (2.4) (2.5) from (2.6) and (2.8) by making the specialization (1.6) where, using
we find from (2.6)
Then, by setting a = 1 and a = q we obtain the identities of (2.4) for χ (3, 4) 1,1 (q) and χ (3, 4) 1,3 (q). These are (83) and (86) of [10] . Similarly from (2.8) we find
and by setting a = 1 and a = q we find the two forms of the identity (2.5) for χ (3, 4) 1,2 (q). These are (84) and (85) of [10] .
The
The second set of specializations made by Slater [10] is
(2.12)
We will see that these give characters of the N = 1 superconformal model SM (p, p ′ ) wherê
are relatively prime and
if a is even (Neveu-Schwarz (NS) sector) 1 if a is odd (Ramond (R) sector).
(2.14)
Here the central charge is
In the first case where ρ 2 = −q 1 2 we consider (2.6) with a = 1 and find
which from (2.13) is the characterχ
1,1 (q) of the model SM (3, 5) and is eqn.(100) in Slater's list [10] . Similarly from (2.8) with a = 1
which is (95) on Slater's list.
For the case where ρ 2 = −q we find from (2.6) with a = q that
2,1 (q) =χ (3, 5) 1,4 (q) (2.19) which is (63) in Slaters list while setting a = q in (2.8) we obtain
which is (62) of Slater.
These four identities may be put into the canonical quasi particle form [18] by using the elementary identity
where the q−binomial coefficient is defined as
Thus we find 25) and
We have now succeeded in obtaining expressions for all four of the independent characters of SM (3, 5) . However just as in the case of M (3, 4) the symmetry condition
p−r,p ′ −s (q) implies certain further nontrivial identities. One of these is found by setting a = 1 and ρ 2 = −q in (2.6) to find a second representation forχ
and if we set a = 1, and ρ 2 = −q in (2.8) we obtain In the T sector the characters are To carry out this specialization rewrite (2.6) using
and set
The right hand side of this agrees with the character formula (2.29) after multiplying by a suitable factor. Thus in the A sector we obtain the q series representations
(y, q), (2.38) and in the P sector we find the three characters
For the T sector we specialize (2.6) using
In a like fashion q series for linear combinations of chacters are obtained from the Bailey pairs A(6) and A(7) by specializing (2.8). Thus for
and a = 1 we find in the A sector
and for ρ 1 = −y −1 q, ρ 2 = −yq and a = q we find in the P sector
All of these fermionic q−series may be put in the canonical quasi-particle form [18] by use of (2.21). Thus, for example we find from (2.38) that ∞ m1,m2,n=0
which if we use n = m 3 /2 is rewritten as
where C D 3 is the Cartan matrix of D 3 . This form of the N = 2 characters was first given in [18] .
Supersymmetry from the F pairs of Slater
Slater [9] , in fact, provides not one but two constructions of the characters of the Ising model. Her second construction is from the pairs she calls F and is quite different from the one presented above, not only in that the bosonic form of the M (3, 4) character is not of the Rocha-Caridi form (2.1) but the specialization (1.7) which for the A pairs gave N = 1 supersymmetry now gives N = 2.
The Bailey pairs
We will derive a set of Bailey pairs which are somewhat more general than Slater [9] in that our form will be valid for all values of a wheras hers are valid only for a = 0 and 1.
In particular we start with her equation (2.1) and set e = a, b = q −j , and use the identity
and then use
There are many specializations of this result which will give Bailey pairs. For example if c, d → ∞ we obtain Bailey pairs for the original Rogers-Ramanujan identities for the
We here consider first c = q
and thus comparing with the definition of Bailey pair (1.1) we find the Bailey pair
We note in particular that Slater gives the special case F (1) of a = 1 where
and F (2) of a = q where
We now use the Bailey (3.7) pair in Bailey's lemma (1.5) and obtain
As in sec. 2 we will obtain characters of conformal field theory by considering different specializations of the parameters ρ 1 , and ρ 2 . The first specialization to consider is ρ 1 , ρ 2 → ∞ where we find from (3.10) that
This result is particularly transparent when a = 1 where we find
from which if we finally send q → q 2 and use the identity
we obtain
which is (39) of Slater (3.1). From the fermionic side of (2.4) we identify this as the character of the M (3, 4) model χ
1,1 (q) and thus we have produced another bosonic form for the character which is different from that of Rocha-Caridi (2.1) in that the series has no minus signs. Similarly if a = q we find
and if we again set q → q 2 and use
where the final expression is obtained from the previous sum by using n → −n − 1 in the second term. This identity is (38) of Slater [10] and on comparison of the fermionic side with (2.4) is seen to be the character χ 1,2 (q). This is done [9] by returning to (3.5) and setting c = q (
Thus we find the Bailey pairs
and in particular note that for a = 1 we have
which is F(3) of Slater [9] and setting a = q we find
which is F(4) of Slater. Thus if we use this in Bailey's lemma with N → ∞ we find and then sending ρ 1 , ρ 2 → ∞ we find
(3.23)
Then if a = 1 and q → q 2 we use (3.10) to find
where from (2.4) we identify the fermionic side as χ 
and we note that if in the second term of the bosonic sum we let n → −n − 1 we regain the bosonic sum of (3.24) . This agrees with the equality of the characters χ (3, 4) 1,2 (q) and χ (3, 4) 2,2 (q) which is seen in (2.4) and also agrees with (9) of Slater [10] .
3.3. The case ρ 1 → ∞ and ρ 2 finite ; N = 2 supersymmetry
We next let ρ 1 → ∞ and ρ 2 = −q 1 2 . Then for the Bailey pair (3.7) we obtain from (3.10)
(3.26)
Then if a = 1 and q → q 2 we find
where the fermionic side is recognized as (29) of Slater [10] . Moreover, if we use the identity
we may rewrite the fermionic side to obtain
and thus comparing the fermionic side with (2.38) with y = i we identify this with the
(i, q). This identification has not appeared in the literature before.
Similarly if a = q and q → q 2 we find the q−series identity
This last expression, however, is not a theta function and lacks the physical interpretation as a character.
We may also consider the Bailey pair (3.7) with ρ 1 → ∞ and ρ 2 = −q where we find from (3.10)
(3.31)
Then setting a = 1 and q → q 2 we get
which is also an identity is not found in Slater and which lacks a character interpretation.
Similarly if a = q and q → q 2 we find
Here the fermionic side is (28) of Slater and is also the fermionic side of χ
Similarly for the Bailey pair (3.19) if we set ρ 1 → ∞ and
Thus, if a = 1 and q → q 2 we find
and by comparison of the fermionic side with (2.42) we see that this is the sum of characters χ
This result is not found in Slater [10] .
Finally we set ρ 1 = −q and ρ 2 → ∞ in (3.22) and find for a = q and q → q
where the fermionic side is identical with that of (2.43) with y = i and thus is equal to
(−i, q) . This result also is not found in Slater.
N = 2 supersymmetric models from M (p − 1, p)
The derivation given in the previous section of the characters of a N = 1 and N = 2 supersymmetric model from the M (3, 4) minimal model by means of the Bailey lemma may be generally applied to the M (p, p ′ ) model. We will however restrict ourselves here to the unitary case M (p − 1, p) and treat the general case in [25] . In order to somewhat simplify our treatment we will first extend Bailey's lemma (1.4) to what we will call the bilateral Bailey lemma. We will then demonstrate how from the Bailey pair obtained from the finite size character polynomials for M (p − 1, p) we may construct the characters for
. This is an example of the interpretation of renormalization flows [22] - [23] in terms of Bailey pairs mentioned in [24] . We then generalize the method of sec. 2 to obtain the N = 1 and N = 2 supersymmetric models by the specialization of parameters ρ 1 and ρ 2 .
Bilateral Bailey Pairs
The pair (α n , β n ) is said to be a bilateral Bailey pair if the following relation is satisfied
where (a) −n is defined as in (2.7). One can easily check that with this definition the following important properties of (a) n hold for positive and negative integer n, k
Analogous to the proof of the original Bailey lemma (1.4) given in [6] and [11] one may derive the bilateral Bailey lemma using (4.2) which states that if (α n , β n ) satisfy (4.1) then
given that the series converge. In analogy to (1.5) we let N → ∞ to obtain
(4.4) Following Andrews [11] one may introduce dual (bilateral) Bailey pairs. If (α n , β n ) is a (bilateral) Bailey pair relative to a then
also satisfy (1.1) ((4.1)) relative to a and (A n , B n ) is called the dual (bilateral) Bailey pair to (α n , β n ). 
Here n j q are the q-binomial coefficients defined in (2.22) and [x] denotes the integer part of x. Equation (4.7) can be put in the form of (4.1) by setting L = 2l + r − s + 2x in (4.7) and using
(q) l−(pj−r−x) (q r−s+2x+1 ) l+(pj−r−x) .
(4.8)
Thus we can read off the Bailey pair relative to a = q r−s+2x from (4.6) as
for n = pj − r − x 0 otherwise
Similarly if we set L = 2l+r−s+2x+1 we get the Bailey pair relative to a = q r−s+2x+1
for n = pj − r − x − 1 0 otherwise
In addition the dual Bailey pairs are obtained from the Bailey dual construction (4.5).
Accordingly we get the two dual Bailey pairs, one relative to a = q r−s+2x (from (4.9))
(q −1 ) for n ≥ 0 0 otherwise (4.11) and the second relative to a = q r−s+2x+1 (from (4.10))
for n = pj − r − x − 1 0 otherwise 
has been proven in [16] , [19] - [21] . Here C p−3 is the (p − 3) × (p − 3) dimensional Cartan matrix of the Lie algebra A p−3 with the elements C j,k = 2δ j,k −δ j−1,k −δ j+1,k . Furthermore we define the vectors e i as the (p−3)-dimensional vectors of unit length in the i th direction
The vectors A one may take the limit L → ∞ in (4.13)
where we introduced the incidents matrix I p−3 = 2 − C p−3 for compact notation. Notice that there are two ways to take the limit L → ∞, such that L + r − s even or such that L + r − s odd. In the limit L + r − s even A 
where a = q r−s+2x . A very similar equation holds if we insert (4.12) in the bilateral Bailey lemma (4.4).
We now need to consider three specializations of the parameters ρ 1 , ρ 2 as done in section 2.
The model M (p, p + 1)
The first specialization is
Then if we also set x = 0 we obtain from (4.19) with a = q r−s
and hence, comparing with (2.1) we find
Moreover since we started out with the model M (p − 1, p) r and s are restricted to 1 ≤ r ≤ p − 2, 1 ≤ s ≤ p − 1 whereas we need (4.22) for 1 ≤ r ≤ p and 1 ≤ s ≤ p − 1. Thus, the range of r needed for χ
is larger than the range of r for which (4.22) holds.
To get the remaining characters we make use of the Bailey pair (4.12) with x = 0 and a = q r−s+1 . Then using the bilateral Bailey lemma (4.4) with ρ 1 , ρ 2 → ∞ we obtain
As an application of these results we may check whether (4.22) and (4.23) yield the known expressions for the fermionic characters. To this end let us first compute
from which it follows from (4.13) that
where we introduced the incidence matrix I p−3 = 2 − C p−3 for compact notation. = − e p−r−1 and 1 ≤ r ≤ p − 2 and hence e 0 can never be reached). Defining n = (n 1 , n 2 , . . . , n p−2 ) ≡ m we may simplify (4.27) further to Similarly one may show that from (4.23) of [20] . This implementation of the renormalization group flow of [22] - [23] and is what we call Bailey renormalization flow.
The
The second specialization of (4.19) is
Then if in addition we set x = 0 so that a = q r−s we see that ρ 2 = aq/ρ 2 and all the denominators in (4.19) cancel. Thus we obtain from (4.19) the Neveu-Schwarz characters when r − s is even
and the Ramond characters when r − s is odd
Again it should be mentioned that from the M (p − 1, p) construction r, s are restricted by 1 ≤ r ≤ p − 2, 1 ≤ s ≤ p − 1 whereas the range for r, s inχ
Employing the Bailey pair (4.12) in the identical fashion with the specialization
, a = q r−s+1 (4.35) leads, for the Neveu-Schwarz case when r − s + 3 even, tô
and for the Ramond case, when r − s + 3 odd, tô
Hence we obtain the fermionic expressions for the whole range in r, s Similarly we may treat (4.33) by using
and we find the Ramond character Again we distinguish the three sectors A, P and T . We start with sector A and set r = 1 andã = aq ρ 1 ρ 2 in (4.19). As in section 2.3 we are interested in the limitã → 1. With these definitions the left hand side of (4.19) becomes For the P sector we set
where nowr,ŝ are integers,r ≥ŝ and s =r +ŝ. From
which is again in agreement with (2.29) in the P sector.
Finally we need to consider the T sector. Here we set r = 1 and when s odd
Since a = q r−s+2x we read off x = s−1 2
. Inserting this into the left hand side of (4.19) yields
Hence we obtain
where χ (N=2,T )(p) s is the character given in (2.32).
For s even we choose
which yields x = s 2 . A similar calculation gives
To calculate the explicit fermionic form in the different sectors let us first introduce the following matrix are obtained from the general bosonic form of Forrester and Baxter [35] and the fermionic results of [24] .
In the unitary case presented in this paper the fermionic expressions (4.60), (4.62) and The general nonunitary case the N = 2 are to be compared with the string theory results of [1] - [3] and the flows of minimal models M (p, p ′ ) to M (p ′ , 2p ′ − p) is that of [37] . However, the identification of these character expressions in the general nonunitary case is more cumbersome than what was done here in the unitary case and will be treated separately [25] . The flow M (p, p ′ ) to M (p ′ , p ′ + p) does not seem to have been previously seen.
We also note that the existing computations for the quantum gravity models are only made explicit for the W 2 and W 3 gravities. The W 2 case is what is treated here and the W 3 case should correspond to the Bailey pairs of Milne and Lilly [13] constructed from SU (3). However, in [13] the Bailey lemma is derived for all the Lie groups A n and C n and this should correspond to results for all the W n gravities.
But probably the most provocative question is to find an interpretation not only for the Bailey formula for the specialized values of ρ 1 and ρ 2 but for general values of these parameters. These parameters seem to be playing the role of fugacities and the Bailey pairs seem to be building up complex systems by gluing these more elementary fermions together. Thus the parameters would seem to govern a renormalization flow between models. All of these questions deserve further study.
